Abstract. As a follow-up of Haberl-Schuster's "Asymmetric affine Lp Sobolev inequalities" and Cianchi-Lutwak-Yang-Zhang's "Affine Moser-Trudinger and Morrey-Sobolev inequalities", we establish sharp Moser-Trudinger and MorrySobolev inequalities induced by the positive part of a directional derivative on the unit Euclidean sphere.
Theorem
In their 2009 JFA paper [1] , Haberl-Schuster prove the following asymmetric affine L p Sobolev inequality: with (a, x 0 ) ∈ (0, ∞) × R n and A ∈ GL(n) when p ∈ (1, n).
In the above and below, for p ∈ [1, ∞] the symbol W 1,p (R n ) stands for the Sobolev space -the completion of all
is the positive part of the partial derivative D u f along direction u in the unit sphere S n−1 of R n ; and Γ(·) is the classical gamma function. Thanks to [1, (1.4) ] which yields (2) Theorem 2. For r ∈ (0, ∞) and f ∈ W 1,p (R n ) with V (suppf ) < ∞ (volume of the support suppf being finite), let
) and
Then:
where inequality (3) is optimal in the sense that if nω 1 n n is replaced by a larger number then the corresponding inequality will be false, and the constant m n is defined by
for which the supremum is taken over all non-decreasing locally absolutely continuous functions φ on [0, ∞) with φ(0) = 0 and
where equality of (4) is valid for
Noticing (2) once again, we read off (5)
and consequently remark that the foregoing (i) and (ii) (in the case of p ∈ (n, ∞)) are stronger than Cianchi-Lutwak-Yang-Zhang's inequalities of the Moser-Trudinger and Morrey-Sobolev types: [2, Theorem 1.1, (1.9)] and [2, Theorem 1.2, (1.12)] respectively. Moreover, the setting p = ∞ in (ii) strengthens a newfound affine Faber-Krahn type inequality below
Perhaps it is appropriate to make two more observations on Theorems 1)-(2). On the one hand, Haberl-Schuster's L p Petty projection inequality for convex bodies
provides a geometric nature of (1)/(3)/(4). On the other hand, the evident inequality in (7)) as their geometric model, are also stronger than the corresponding original ∇f p -involved (Sobolev, Moser-Trudinger, Morrey-Sobolev) inequalities whose non-sharp counterparts can be found in Coulhon's survey [3] , for example.
Proof
Because a large portion, in particular the preparatory material on convex bodies, asymmetric L p projections and even L p Minkowski problems, of our argument is actually contained in [1] and [2] (as well as references therein), so we will try to maintain basically consistent notations but importantly give the key steps toward Theorem 2.
Clearly, due to a standard limit process it is enough to check the results for f ∈ C ∞ 0 (R n ). In doing so, for t > 0 let
be the level set of f at t. If < f > t represents the unique origin-symmetric convex body K t = K t (f, p) determined by [2, Lemma 4.1], then [1, (5.5)] tells us that under p ∈ (1, ∞),
Using (2), (8) and [2, (4. 3)], we find
According to the argument for [2, (4.24)], we see that if f equals its spherically symmetric rearrangement f ⋆ :
where f * stands for the non-increasing rearrangement of f :
but also if < f > t =< f ⋆ > t -an origin-centered ball for a.e. t > 0, then inequalities in (9) become equalities, and hence
Now (10) and (9) plus
(where the equation is from [2, Theorem 2.1]) yields
A combination of (12), (2) and [2, (2.11)] gives
In other words, (13) is an improvement of the second inequality of (11) due to (5). More precisely,
Naturally, we end up handling three cases in the sequel.
Case 1: p = n. Under this setting, we use (14) and the first formula in (13) to obtain
Since Case 2: p ∈ (n, ∞). Concerning this situation, we use the first formula in (11), Hölder's inequality, the first formula in (13) and (14) to derive
as desired in (4) whose equality follows from the equality case of the CianchiLutwat-Yang-Zhang's affine Morrey-Sobolev inequality ([2, (1.12)]) and (5).
Case 3: p = ∞. Needless to say, we may take a limit in (17) to get the following inequalities via (14) and Fatou's lemma: whence reaching the desired estimate. The corresponding equality case can be verified by a straightforward computation.
